Shell effects reflects irregularities of physical quantities caused by a discrete energy spectrum. The theory of the shell effects by Kirzhnits and Shpatakovskaya is valid only at relatively low densities providing for oscillations of thermodynamic functions. Similar effects for the electronic binding energy of a neutral atom were considered by Englert and Schwinger. In this work we propose a method of calculation of shell effects applicable in a wide range of density and temperature. The model is based on the finite-temperature ThomasFermi theory. Shell corrections to thermodynamic functions are obtained by special accounting of semiclassical states of bound electrons in the Thomas-Fermi potential. The results are in good correspondence with the precise Saha approach for the low density plasma and density functional theory simulation at high density.
I. INTRODUCTION
Wide range equations of state (EOSs) are of practical importance in various applications of physics of extreme states of matter. The high quality EOSs may be constructed nowadays in computer simulations of manyparticle quantum systems. The state-of-the-art first principle approaches such as density functional theory (DFT) overcome existing statistical theories. Unfortunately, the complexity of such calculations at temperatures about tens of eV and higher becomes the major restriction for modern computers. Still, it is necessary to obtain the properties of warm dense matter at these conditions as, for example, for problems of interaction of intense energy fluxes with matter.
The latest improvements in the average atom models seem to have enough precision to cover the gap of strongly coupled plasma in wide range EOSs between DFT and ideal gas. Moreover, such approaches do not require much computational resources due to deep theoretical analysis and effective simplifications. The Thomas-Fermi model was first developed for a single separate atom 1, 2 and had evident shortcomings. The idea was to consider an electron cloud surrounding the nucleus as a manyparticle statistical system and interacting within a selfconsistent electrostatic field. This semiclassical approach was good enough for heavy atoms with a large Z and became the basis for the further development of DFT. But it turned out that bound electrons near the nucleus were inadequately reproduced with infinite density. Exchange effects were also out reach of this theory what led to the improper dependency for the total binding energy. Further the model was essentialy modified by various authors. Dirac 3 came with an exchange correction which was introduced as an exchange energy in a density functional. Weizsacker 4 figured out the result of rapid change of the electron density near the nucleus as gradient correction to the kinetic energy. Scott 5 introduced the correction to the total binding energy by excluding improperly accounted electron states in the Thomas-Fermi atom.
But for practical applications the finite-temperature model was also required 6 . This approach was good enough at high pressures and temperatures but still there were problems described above. Kirzhnits 7 introduced the generalized consistent method for accounting for quantum and exchange effects at finite temperatures. The density matrix was expanded to the required order of a semiclassical parameter in a basis of plane waves and necessary corrections appeared in the second order. Later, Kalitkin 8 calculated detailed tables of thermodynamic functions for the finite-temperature Thomas-Fermi model with quantum and exchange corrections. This outstanding result claimed to be a solution for the problem of wide-range equations of state but still shell effects were unaccounted.
The recovery of shell effects were done in the paper 9 in the case of high pressure ionization. In the major review of the semiclassical model 10 the shell structure of atoms had been also discussed, but the solution had not been found in the general case. All the effects may be reproduced with an exact solution of the Schrödinger equation for electrons as it is done in the Hartree-FockSlater approach 11 following reduction of the quantum effects takes place 12 :
The semiclassical approach is good enough for the continuous spectrum and, indeed, the main difference from the exact approach to the average atom is in the bounded states of electrons. This difference may be recovered as a correction to Thomas-Fermi model. The importance of shell effects for high quality EOSs at finite temperatures was also discussed by Iosilevsky and Gryaznov 13 in terms of comparison of the low-pressure isobars of Li and Na calculated by the Thomas-Fermi model with quantum and exchange corrections 8 and the chemical picture model of plasma (known also as Saha model). The ionization of electron shells with heating leads to a stepwise increase in pressure and energy of the system what can be clearly observed in the Saha model with experimental ionization potentials. The ThomasFermi model with the existing corrections was unable to reproduce such effect without accounting for the bound electron states.
The shell corrections at zero temperature were calculated precisely and appeared to have strong enough effect on atomic binding energy 14 . For practical needs the finite-temperature model was developed by Galina Shpatakovskaya. In the earlier works 15 the shell correction was calculated only in the case of high temperatures and low densities. The results were compared with the Saha model and here the great achievement was reached: the specific oscillations of thermodynamic functions appeared. The next step was to extend the method into the region of high densities and lower temperatures. A lot of modifications were done, even accounting of the zone structure. It was shown 16 that the method is applicable up to the normal density and further. The significant analytical analysis allowed to reduce the complexity of calculations so that the model remains as simple as the Thomas-Fermi approach. Moreover, it was developed in a self-similar manner, so that the results for hydrogen may be transformed for any element. It seemed that the problem of shell effects in the Thomas-Fermi model was solved.
Unfortunately, the authors of this work encountered some problems while implementing these methods for the wide-range EOSs. It was found out that the shell correction was derived in different approximations for the low and high temperatures. These approaches had to be joined between 10 and 100 eV and there was no universal method to do it accurately for any element. It was inconvenient to use such a model for the wide-range calculations, so that the alternative approaches for accounting the shell effects in a more stable and precise way were developed 17 . The obtained technique requires more calculations, but remains computationally effective for modern computers. It covers the whole range of elements for the temperatures and densities in the region of validity of the Thomas-Fermi model with quantum and exchange corrections 18 .
II. SEMICLASSICAL THERMODYNAMICS OF THE THOMAS-FERMI ATOM
All further equations are written using the atomic system of units (e = 1, = 1, m e = 1).
A. Free energy of many electron system
Free energy of a system consisting of N electrons in the volume V and at the temperature T is the sum over quantum states {n} with the electron-electron interaction energy in the self-consistent field U e (r):
Here µ -the chemical potential and ρ e -the electron density. If the HamiltonianĤ is defined for that system, one can find that
(3) The electron potential can be written as:
If the system of electrons is considered with ions, then the total potential is:
where
The self-consistent potential for a system of electrons and ions satisfies the Poisson equation:
The electron-electron and electron-ion interaction energies
along with the condition
lead to the following expression for the free energy:
If the free energy of the system is known one can proceed to calculations of thermodynamical properties. The first derivatives:
The second derivatives:
heat capacity :
In general it is quite difficult to obtain all these properties: one have to calculate electron density in the selfconsistent field and then find all the occupied states. Therefore, we begin with a simple approach based on the Thomas-Fermi approximation.
B. Thomas-Fermi approximation
To calculate the trace in the free energy expression (11) let us consider it in a planewave basis ψ sσ (r, p) = (2π) −3/2 e ipr δ sσ . For some operatorÔ we get:
First, we consider the hamiltonian for a system of electrons that includes only the kinetic energy and Coulomb interaction:Ĥ
To avoid exponents in the integral (14) one can replace momentum operator withp = p − i∇. Thus, hamiltonian here consists of two noncommutative summands. To calculate the function of them we use the expansion:
In the Thomas-Fermi approximation only a zero term is accounted (higher order terms will be accounted further as corrections), thus the trace:
where the momentum integral is calculated by parts with the change ε = p 2 /2. By setting Φ(r) = (µ + U (r))/T we get the expression for the free energy in the ThomasFermi approximation:
The only unknown quantity in the free energy expression is the potential U (r). There are several possibilities to evaluate it. For example, one can use density functional theory approach and evaluate electron density at the free energy minimum. In this work we will use spherical cell approximation to evaluate electron density for a single average atom.
C. Thomas-Fermi potential To solve the Poisson equation (7) explicitly one have to define the electron density. It can be expressed using the density matrix operator:
Similarly to free energy evaluation, it can be calculated using a planewave basis:
Zero order of the density matrix expansion corresponds the Thomas-Fermi approximation, and the electron density proceeds to:
Thus, by solving the poisson equation one can obtain the self-consistent field and the electron density. From here we will use a single atom approach with a spherical symmetry of a self-consistent field U (r). The Thomas-Fermi density of electrons ρ T F then:
2 dp
The boundary problem for the potential is considered within a spherical cell of the radius r 0 and the volume V = 4πr 3 0 /3. As the potential can be defined with an arbitrary constant value it is convenient to set U (r 0 ) = 0. The electroneutrality of an atomic cell lead to zero electric field outside (Gauss theorem) thus U (r 0 ) = 0. Near the nucleus the potential should be coulomb, thus we have rU (r)| r→0 = Z and the boundary problem:
This boundary problem can be reduced to the dimensionless one with the change of variables φ(
The function φ changes fast at small values of x, and for practical calculations it is better to use variable u = √ x. The functions for integration can be defined as follows:
Then boundary problem is:
From here one have to define a proper value of µ what can be done by a shooting method. Zero temperature potential should be calculated separately. Using asymptotics for the Fermi-Dirac functions (See V A) for the electron density one can obtain:
The boundary problem (25) can be rewritten as follows:
(27)
D. Thermodynamic functions
Thermodynamic functions of electrons may be calculated as derivatives of the free energy (18) (See V B). Another way of evaluating them is well described in 11 . Here below one can find the final expressions for these quantities:
is supposed to be the energy of an atom at V → ∞ and T → 0.
The integral for the energy depends on the ThomasFermi potential. To calculate it with a given precision one can write a differential equation both for the potential and the energy the lower limit with a variable:
Thus the energy can be obtained as E T F = E(0). For the energy at T = 0 the same procedure should be done:
III. QUANTUM AND EXCHANGE CORRECTIONS
A. Evaluating corrections to the free energy
As it was mentioned before, the Thomas-Fermi approximation uses only zero order expansion of a function of two commutators. One could also obtain corrections to the free energy by evaluating higher order terms. Here for simplicity we will consider corrections to the free energy in the form:
where δρ -correction to the electron density.
To evaluate quantum corrections to the electron density let us consider the density matrix expansion. With the change of variables Φ = (U (r) + µ)/T , y = p 2 /(2T ) − Φ, the result is:
After the integration (20) we get:
It was shown [Kirzhnits] that the exchange interaction also appears at the order of 2 , and one have to evaluate it. Thus, the hamiltonian for an electron subsystem must be extended by the exchange interaction:
where the exchange operator can be defined as follows:
The correction to the electron density caused by the exchange interaction can be found as 11 :
After the integration the correction to density is:
B. Corrections to the potential
The correction to density (40) affects the ThomasFermi potential. To keep them self-consistent one have to solve equation for the correction to the potential 11 :
In practice we use the following variables
Asymptotics at T = 0:
C. Corrections to thermodynamic functions
The expressions for corrections to pressure and energy can be found in 11 :
The integral here is treated similarly to the calculation of the Thomas-Fermi energy (30) by solving the boundary problem with the integration of a thermodynamic function:
The same procedure is applied to zero temperature asymptotics:
D. Self-similarity and thermal part
It was found 8 that all thermodynamic functions of the Thomas-Fermi model can be expressed by scaling of the hydrogen ones by atomic number Z. The list of these transformations is given below:
One should notice that during calculations the input data (V, T ) first is transformed to Z = 1 values, next all the functions are calculated as for Z = 1 and then transformed to real value of Z. That allow us to use the only one table for precalculated values for µ for a fast convergence of a shooting method.
The presented approach for an atomic potential and electron density calculation appeared to be good enough for hot and dense matter. But for the matter at normal conditions such description is becoming too rough. In practice cold properties of the model could be removed, and the remaining thermal part can still be useful:
IV. SHELL STRUCTURE OF A THOMAS-FERMI ATOM A. Corrections to thermodynamic functions
The shell correction to the reduced free energy [] can be found as
where the shell correction to density δρ sh also affects the potential. The boundary problem for corresponding correction to the potential δU is:
The total correction to the electron density δρ t accounts the influenece of the corrected potential to the Thomas-Fermi density. It is expressed through δρ sh and the first order change in ρ T F :
As the number of electrons stays unchanged we have the condition:
Corrections ∆P sh , ∆E sh to pressure and energy can be expressed via derivatives (??), (??) of the shell correction to free energy (52) (see Appendix):
The correction to the chemical potential δµ sh here is the only unknown property. To evaluate it let us suppose that the chemical potential µ and the energy spectrum of an atom are already known. Thus the exact number of states of electrons can be written as following:
where n, l -the principal and the orbital quantum numbers, ε nl -the energy levels. If the potential and the electron density are consistent the number of states in a neutral atom equals to the number of electrons:
Owing to the Thomas-Fermi potential is self-consistent the electron density satisfies the condition to the full number of electrons in atomic cell with the appropriate chemical potential µ TF :
But if we will take the exact chemical potential µ this equality breaks. In order to connect the proper number of states (58) with (??) one should add the shell correction:
We suppose here that proper chemical potential slightly differs from the Thomas-Fermi one:
The connection between the number of electron states and the shell correction to the chemical potential may be found in the first order expansion 12 :
Then the equation N (µ) = N TF (µ TF ) = Z leads us to the following expression for the shell correction to chemical potential:
In this definition ∆N sh (µ TF ) can be evaluated as:
B. Semiclassical energy levels
To calculate number of states (58) directly one need to obtain energy levels ε nl . The Bohr-Sommerfeld quantization condition may be used for this task:
Here is the semiclassical momentum:
By varying ε nl for defined n and l we can calculate the appropriate value of the action S nl . It is turned out to be strictly monotone function of energy, thus the energy levels can be found from (66) by the bisection method. In order to guarantee the precision of calculation of the action we developed the following procedure. First we should define the rotate points from the condition p nl = 0. By replacing λ = l + 1/2 and passing our expression for the potential we get the equation:
From here we solve the problem (25) (or (27) at T = 0) with the already defined µ until we find the interval [u 2 , u 2 ] where p 2 nl changes the sign to positive. After that we start from u 2 where p 2 nl < 0 with lower step size and redefine the interval until we get the necessary accuracy |u 2 − u 2 |/|u 2 + u 2 | < ε/2. Then the value of the right rotate point supposed to be u 2 = u 2 in order to have the p 2 nl from the positive side for further calculations. The same procedure should be done for the next rotate point u 1 .
For the calculation of the action (66) one should store the auxiliary values W (u 2 ) = W 2 , V (u 2 ) = V 2 and integrate with the Thomas-Fermi potential to the point u 1 . The integral can be transformed to the differential equation:
and included into the potential problem (25):
The solution S nl (u 1 ) = S nl is the desired value of action. The same problem with zero-temperature potential:
(71)
C. Boundary energy
The main difference between between the ThomasFermi electron states and the discrete ones appears below some boundary energy, where continuous representation of an electron spectrum fails. Thus, there is no need to calculate all energy levels. Let us suppose that the boundary value of energy which splits the discrete and continuous spectrum is ε b . The difference in a number of states (65) then should be considered as: (78). Discrete states function:
Calculated for aluminum at T = 10 eV and ρ = 0.01ρ0. Whether the calculation of exact number of states can be completed with a simple summation in (58), the Thomas-Fermi electron density from below the boundary energy is evaluated by replacing the complete Fermi-Dirac integral with the incomplete one:
Similarly, at T = 0 we get:
Using this bounded density we get for the number of states:
what reduces to the boundary problems:
The proper selection of ε b can be difficult. To handle it accurately the efficient criterion which provides thermodynamical consistency is used here 11 . The shell correction ∆N sh must stay the same while varying the boundary energy. It appears that the solution ε b of the following equation:
can guarantee the desired thermodynamic consistency. The integral here can be reduced to the following:
and we get one more boundary problem:
The equation (78) has multiple solutions as it is shown in Fig. 1 for Al at T = 10 eV and ρ/ρ 0 = 10 −2 , here ρ is the mass density, ρ 0 is the normal density. In practice we select the highest possible root of Eq. (78) ε b in our set of energy levels ε nl (the maximal value of n in this work is n max = 15). In The Fermi-Dirac function of the order k > −1 is defined as:
Following the given definition here is the important relation for the derivatives:
For the values of k ≤ −1 the integral diverges. For practical calculations the authors use precise approximations 19 . One of the difficult cases appears there with the function:
Y (x) = I 1/2 (x)I 1/2 (x) + 6
The integral
is evaluated as solution of the differential equation: 
The function I −1/2 (x) cannot be evaluated according the general rule (82). In practice the derivative of its rational approximation is calculated. For calculating the cold part of thermodynamic functions in the Thomas-Fermi theory there are useful approximations for the Fermi-Dirac functions at x 1: 
Y -function and its derivative can also be evaluated at x 1:
To calculate the number of states below the boundary energy one have to evaluate the incomplete Fermi-Dirac integral:
In our calculations a numerical integration through the differential equation is used as for the function Y (x).
B. The Thomas-Fermi free energy derivatives
Thermodynamic functions in the Thomas-Fermi model may be calculated as free energy derivatives. First, let us consider pressure: After that the first and the third summands from (92) disappear, and next we have to evaluate the derivative of the potential energy E p = E ee + E ei : The first summand here is equal to zero, and the second one is opposite to the fourth summand of (92). Finally, the expression for the Thomas-Fermi pressure:
Next, let us consider the entropy as temperature derivative of the free energy (18) :
